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Dynkin Game of Convertible Bonds and Their 
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Abstract 

This paper studies the valuation and optimal strategy of convertible bonds as a Dynkin game 
by using the reflected backward stochastic differential equation method and the variational inequal¬ 
ity method. We first reduce such a Dynkin game to an optimal stopping time problem with state 
constraint, and then in a Markovian setting, we investigate the optimal strategy by analyzing the 
properties of the corresponding free boundary, including its position, asymptotics, monotonicity and 
regularity. We identify situations when call precedes conversion, and vice versa. Moreover, we show 
that the irregular payoff results in the possibly non-monotonic conversion boundary. Surprisingly, 
the price of the convertible bond is not necessarily monotonic in time: it may even increase when 
time approaches maturity. 
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1 Introduction 


Convertible bonds are often advertised as products with upside potential and limited downside risk, 
since a convertible bond is often supplemented with an option to exchange this bond for a given number 
of shares. The bondholder decides whether to keep the bond, in order to collect coupons, or to convert 
it to the firm’s stocks. She will choose a conversion strategy to maximize the bond value. On the other 
hand, the issuing firm has the right to call the bond, and presumably acts to maximize the equity value 
of the Arm by minimizing the bond value. This creates a two-person, zero-sum Dynkin game. One of 
the central questions for convertible bonds is to study such a Dynkin game, and more importantly, the 
corresponding optimal call and conversion strategies. 

The study of convertible bonds dates back to Brennan and Schwartz [3] and Ingersoll m- However, 
both the call and conversion strategies are predetermined in these papers, so neither of them need to 
address the free boundary problem that arises if early conversion or early call is optimal. Sirbu et al 
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m is one of the first to analyze the optimal strategy of perpetual convertible bonds (see also Sirbu and 
Shreve m for the finite horizon counterpart). They reduce the problem from a Dynkin game to an 
optimal stopping time problem, and discuss when call precedes conversion, and vice versa. Several more 
realistic features of convertible bonds have been taken into account since then. For example, Bielecki et 
al [1] consider the problem of the decomposition of a convertible bond into bond component and option 
component. Crepey and Rahal study the convertible bond with call protection, which is typically path 
dependent, and more recently, Chen et al [4] consider the tax benefit and bankruptcy cost for convertible 
bonds. For a complete literature review, we refer to the aforementioned papers with references therein. 

In this paper, we first study the Dynkin game of convertible bonds by using the reflected backward 
stochastic differential equation {reflected BSDE for short) method. Instead of regarding the convertible 
written on the stock value which is endogenously determined as the difference between the firm value 
and the bond value, we take a reduced form approach by assuming that the firm’s stock value follows 
a general Ito process exogenously. Interestingly, similar to [18j and m, we can also reduce the Dynkin 
game to an optimal stopping time problem with state constraint, i.e. reducing the reflected BSDE with 
two obstacles to a reflected BSDE with one obstacle and state constraint. An important consequence of 
this representation result is to allow us to identify when call precedes conversion, and vice versa, which 
is in line with [19]. That is, we show in Propositions 12.41l2.61 that when the coupon rate is bounded above 
by the interest rate times the surrender price, the bondholder will always convert her bond first; when 
the coupon rate is bounded below by the dividend rate times the surrender price, the firm will always 
call the bond first; when the coupon rate lies between the above two bounds, both the bondholder and 
the firm will terminate the contract simultaneously. We show that the above representation result holds 
in a general Ito process setting which is not necessarily Markovian, the latter of which is the standing 
assumption in both [18] and m- 

In the Markovian case, one way to study the optimal strategy of convertible bonds is to analyze the 
properties of the free boundary for the corresponding variational inequality (V7 for short). Notwith¬ 
standing, the research on the free boundary analysis to understand the optimal strategy of convertible 
bonds is rare compared to the study on American options, for which the corresponding free boundary has 
already been well studied. One of the main reasons is that the corresponding Dynkin game (variational 
inequality) is too complicated to study. By utilizing the aforementioned representation result, we can 
reduce the corresponding Dynkin game to an optimal stopping time problem with state constraint, and 
this paves the way to study the properties of the corresponding free boundary. The current authors have 
already taken this path in some special cases (see [23l|25l|27]). Eor example, in m the authors assume 
that the issuer has no right to call. In [25] the authors only consider the surrender price and the final 
pre-specified price exactly equal, so the corresponding free boundary is always monotonic. In [23] only 
the case that the coupon rate is less than the interest rate times the surrender price is considered. In the 
present paper, we attempt to close the previous gaps, and give a complete analysis of the free boundary 
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under different cases, including the position of the free boundary with its asymptotics, monotonicity and 
regularity, etc. In particular, we concentrate on the case with irregular payoff (see Assumption 2.2). 

There are several interesting properties of the free boundary as we prove in Section 3. First, it is well 
known that the asymptotics of the free boundary is more difficult to obtain than the asymptotics of the 
solution to the equation, because the convergence of the solution does not imply the convergence of the 
free boundary in general, and it is very difficult to deduce the latter via partial differential equation {PDE 
for short) estimates. In Theorem 13.31 we manage to obtain the asymptotics of both solution and free 
boundary. The main idea for the latter is as follows: we solve the corresponding perpetual problem, then 
use its solution to construct a sub-solution sequence and a super-solution sequence of the finite horizon 
problem, and show the asymptotic behavior of the free boundary via the two sequences. 

Secondly, the free boundary in the VI ()3.1I1 is non-monotonic under some parameter assumptions (see 
Theorem 13.41 and Figure 3.5). This is due to the singular terminal payoff which results in the blowup 
of the time derivative of the price near the maturity around the singular point. The non-monotonicity 
of the free boundary results in the non-monotonicity of the convertible bond price. In particular, the 
price may go up near maturity. In order to prove such a non-monotonicity property, we discuss its 
terminal asymptotic behavior and its initial asymptotic behavior as time goes to infinity, and prove that 
the terminal value is larger than the initial value, but less than the value at some middle point. 

Thirdly, a standard assumption to prove the smoothness of the free boundary is that the difference 
between the solution and the lower obstacle of the VI is increasing with respect to time (see [ID]). Without 
this monotonicity property, the regularity is difficult to achieve as discussed in 13 HI]. Unless the coupon 
rate is greater than the interest rate times the pre-specified price for the final payoff as in Theorem 13.51 
this monotonicity condition does not hold, and the smoothness of the free boundary is not obvious at 
all. In Theorem l3.6l we show the smoothness of the free boundary even when this monotonicity condition 
fails, by using a subtle coordinate transformation and the comparison principle for VI. 

The rest of the paper is organized as follows: In Section 2, we formulate our pricing model of convertible 
bonds as a Dynkin game by using the reflected BSDE method. In Section 3, we study the optimal 
strategies of convertible bonds by analyzing the properties of the corresponding free boundary. Some 
technical details about the solvability of the VI are presented in the appendix. 

2 The Dynkin Game of Convertible Bonds 

In this section, we formulate the pricing problem of convertible bonds as a zero-sum Dynkin game by 
using the reflected BSDE method. Our main result in this section is to show that such a Dynkin game 
can be reduced to an optimal stopping time problem with state constraint. 

For a fixed time horizon T > 0, let IF be a one dimensional Brownian motion on a filtered probability 
space (f2, F = {J^t},P) satisfying the usual conditions, where F is the augmented filtration generated 
by the Brownian motion W, and P is interpreted as the risk-neutral probability measure. Consider a 
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firm who issues convertible bonds with the coupon rate c and the maturity T. The convertible bond is 
written on the firm’s underlying stocks S, whose price process under the risk-neutral probability measure 
P is given by 

Ss = St+J^ [tu- qu)Sudu + auSudWu, ( 2 . 1 ) 

for 0 < t < s < r, where r, q, a represent the risk-free interest rate, the dividend rate and the volatility, 
respectively. 

Assumption 2.1 The coupon rate c, the risk-free interest rate r, the dividend rate q and the volatility a 
are ¥ -progressively measurable and uniformly bounded. Additionally, the volatility is positive at > 0, a.s. 
fort€[0,T]. 

Consider an investor purchasing a share of convertible bond from the issuer at any stating time 
t S [0, T], Assume there is no default for the firm. By holding the convertible bond, she will continuously 
receive the coupon rate c from the issuer until the contract is terminated. Prior to the contract maturity 
T, the investor has the right to convert her bond to the firm’s stocks, while the firm has the right to call 
the bond and force the bondholder to surrender her bond to the firm. Hence there are three situations 
that the contract will be terminated: ( 1 ) if the firm calls the bond at some F-stopping time r first, the 
bondholder will receive a pre-specified surrender price K at time r; (2) if the investor chooses to convert 
her bond at some F-stopping time 9 first or both players choose to stop the contract simultaneously, 
the bondholder will obtain yS'g at time 6 from converting her bond with a pre-specified conversion rate 
7 G (0,-|-oo); (3) if neither players take any action during the contract period, then at the maturity T, 
the investor must sell her bond to the firm with a pre-specified price L or convert it to the firms’ stocks 
with the conversion rate 7 , so she will obtain max{L, 7 S'T}. In summary, the investor will obtain the 
following discounted payoff at the starting time t G [0,r]: 

/ tA6 

R{t, u) Cu du + R{t, t) K I{t< 9} + R{t, 9) 7 Se I{e<T.e<T} 

+ R{t, T) max{L, 7 S't} /{rAfl=T}, (2.2) 

where t,9 G the set of all F—stopping times taking values in [t,T], and R{t, u) = exp{— Vsds} 
is the discount rate from t to u in the risk-neutral world. 

The investor will choose 9 G Ut.T to maximize P{t, 9), while the firm will choose t G Ut.T to minimize 
P{t,9). Hence we have the upper value and lower value, respectively, 

Pt=ess.inf ess.supE [P(r, 9)\Pt]] 

r&At,T QeUt.T 

P(=ess.supess.inf E [P(r, 9)\Pt] 

eeUt.T 

of a corresponding Dynkin game (see [5] for the definition of Dynkin game). The value of this game exists 
if there exists some process V such that 

Vt = Vt = Vt, a.s. fort e [ 0 ,T], 
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and Vt is the time t value of this convertible bond by no-arbitrage principle (see Chapter 36 of [H]). It 
is standard to show that if there exits a Nash equilibrium point gU t,T t,T such that 

E[P(r;,0)|J-t] <E[P(T;,0ni-^t] <E[P(r,0ni-^t], forr,0GWt,T, 

then the value of this game V exists and is given by 

(2.3) 

The Nash equilibrium point is called the optimal strategy for such a convertible bond, where t* 

and represent the optimal calling and conversion strategy, respectively. The conversion payoff ■jS is 
usually called the lower obstacle, and the surrender price K called the upper obstacle. 

Assumption 2.2 The risk-free interest rate is no less than the dividend rate: rt > qt > 0, a.s. for 
t G [OiT], and the surrender price is greater than the maturity payment: K > L > 0. 

The first assumption rt > qt > 0 is natural, li K < L, then the pre-specified price L is irrelevant, 
since the firm could always call with the surrender price K before the maturity to avoid paying more 
(see [H]). li K = L, as shown in [22], the terminal value in the effective domain (state constraint) of the 
corresponding VI is just constant K, so the problem is relatively standard to study, and the corresponding 
free boundary is always monotonic. In this paper, we mainly consider the case K > L which results in 
the singular terminal value across the free boundary, and this makes the problem much more complicated 
and involved. Moreover, the free boundary is not necessarily monotonic in this case. 

In the following, we represent the optimal strategy (r*, 9t ) and the price Vt of the convertible bond in 
terms of the solution of reflected BSDE. Note that it is not always true that the conversion payoff (the 
lower obstacle) yS' is dominated by the surrender price (the upper obstacle) K, so we have to resort to 
a reflected BSDE with the state constraint as follows. 


Lemma 2.3 Let {Y,Z,K'^,K ) be the unique solution of the following reflected BSDE on [t, cr*].' 

r<^t r'^t 

Vs = max{7S'T,L}/{cr*=T}+7‘S'cr*/{<T*<T} + / {cu - ruYu)du - / ZudWu 

J S J S 

+ [ dK+ - f dKf, jSs <Ys< K, for s G [t,a* ], (2.4) 

J S J S 

^ - TSu)dKt = J^\k- Yu)dKf = 0 , 

where 

(T( = inf{u > t : Su > K/j} A T . 

Then the value of the convertible bond is given by Vt = Yt and the optimal strategy is given by 


T(* = inf{s > t : Ys = K} A crj', 9f = inf{s > t : Yg = 755 } A af 
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The proofs of the above representation result and the well posedness of (12.41) are similar to Theorem 
4.1 of Cvianic and Karatzas [B] with the fixed maturity T replaced by the random maturity a*, so we 
omit the proofs and refer to [6] for the details. Our main result in this section is to reduce (12.41) into an 
optimal stopping time problem with state constraint. 

First note that if St > i.e. the lower obstacle is greater than the upper obstacle, then = t, 

and in this case, both the investor and the firm will choose to terminate the contract at the same time 
Tt =01 = t, and the value of the convertible bond is nothing but V* = ’jSt- Hence, in the following we 
only consider the case St < K/j. 


Proposition 2.4 Suppose that Cs < VgK a.s. on s G [t,at]. Then the value of the convertible bond is 
given by Vt = , where solves the following reflected BSDE: 


= ma,x{jST,L}l(^;=T}(Ca - ruY^)du - j Z^dW, 


f 


+ [ dKl'+, Y}>jSs, forsG[t,al], 


(2.5) 


r (Fj - jSu)dKy = 0. 

Jt 

In particular, if Cg < VgK a.s. on s G then Y^ < K on s G [tjCr*), so the optimal strategy is given 

by 


0* = inf{s >t\Y}= A a*. 


Proof. We first prove that < if on s € [ijCr*]. Then (F^, if 0) is the solution to (12.41) . 
Indeed, consider the following auxiliary reflected BSDE: 

F/=if+/ (r„if-r„F„i)du- / ZldWu+j dKl'+, Y^ >-fSs, for s e [t, cr* ], 

t/ S s ^ s 

< 

r(Fj-75„)difi’+=0, 

Jt 

which obviously has a unique solution {Yf,Zl,Kl'^) = (if, 0, 0). Since 


if > max{7S'T,T}/{<7*=T} + 7'S'<T*i{,T*<T}, 

and VgK — rfYf > Cg — VgY} a.s. on s £ [t, o-J"], the comparison principle of reflected BSDE (see [5]) 
implies that F,,^ <Yf=KonsG [t, ]. 

Next we show that F,,^ < if on s £ [t, crj') if Cg < VgK a.s. on s £ . If not, there exits s £ [t, crj") 

such that Yf = if. Note that we must have Yf > jSs (otherwise 'ySg > Yf = K would imply s = cr*). 
Define 

9g = inf{s > s : Fj,^ = A crj". 

Then Yg, = "fSet < if. Since Yg > jSg and dK^’'^ = 0 on [s, 0J), (12.5|) reads 

d* 0* 

Yg = Yei + [ (cu- r„F„^)du - / Z^dWu. 
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Consider the following auxiliary BSDE: 

Y^=K+ / {r^K - r„Fj)dzi - / Z^dWu, 

J S J S 

which obviously has a unique solution {Y^^ZD = (X, 0). Then the strict comparison principle of BSDE 
(see H) implies that Yg < K. ■ 

From the above proposition, if Cs < the value of the convertible bond Vt is strictly less than the 
surrender price K before the termination of the contact, so the firm will not call the bond back until the 
contract is terminated at cr* , and the investor will always convert her bond first. 


Proposition 2.5 Suppose that Cs > u.s. on s G [t,a*]. Then the value of the convertible bond is 
given by Vt = Y^, where Y^ solves the following reflected BSDE: 


Yg = maxjyS'r, + lSc*I{ai<T} + (c„ - rflY^)du - / ZldWu 

J S J S 

- f dKl'-, Y^ < K, fors G [t,cr* ], 


{K - Y^)dKl^- = 0. 


( 2 . 6 ) 


In particular, if Cg > qgK a.s. on s G [t,^^], then Yf > 'ySg on s G [t,a^), so the optimal strategy is 
given by 

r; = inf {s > f = k} ^ at , Ot = at . 

Proof. We first prove that Yf > jSg on s G [t,at]. Then {Y'^, Z'^,0, is the solution to (12.41) . 

Indeed, consider the following auxiliary reflected BSDE: 

E/ = yS'a* + f hquSu - ruY^)du - [ Z^dWu - [ dRl'-, Y^ < K, for s £ [t, at ], 


{K-Y^)dKl’-=0, 
which obviously has a unique solution {Yf, Zf, Kg’~) = (yS'g, yo-gS's, 0). Since 


iSa* < max{7S'T,L}/{^*=T} + 7>S'<T*d{a*<T}, 

and jqgSg — VgYf < qgK — VgYf < Cg — VgYf on s G [t,at], the comparison principle implies that 
Yg^ > Yf =jSg on sG [t,at]. 

Next we show that Yf > jSg on s G [Ccr*) if Cs > qsK a.s. on s € [t,at]. If not, there exits s G [t,at) 
such that Yf = yS'j. Note that we must have Yg < K (otherwise "fSg = Yg > K would imply that 
s = at). Define 

T* = inf{s >s:Y^ = K}A at- 

Then Yf, = K > ^Sr^- Since Yf < K, and dKf~ = 0 on [s, r?), (12.61) reads 

Yg = Yt^, + f (cu- ruY^)du - ( ZldWu- 

J S J S 
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Consider the following auxiliary BSDE: 


Yg = "fSri + / i'jquSu - ruY^)du - 


Zf.dWu 


which obviously has a unique solution {Yg,Z'^) = ('jSs,jcrsSs). Then the strict comparison principle 
implies that Yg > yS'g. ■ 

From the above proposition, if Cg > QsK, the value of the convertible bond Vt is strictly larger than 
the converting value jSt before the termination of the contact, so the investor will not convert her bond 
until the contract is terminated at a* , and the firm will always call the bond first. 

By repeating the arguments as in the proofs of Propositions 12.41 and 12.51 we obtain that the price 
can be represented as the solution of the following BSDE (12.71) if qgK < Cg < VgK. In particular, if 
qgK < Cg < TgK, then the value Vg of the convertible bond is bounded between {'~fSg,K) before the 
termination of the contact. Hence, neither the investor will convert her bond nor the firm will call the 
bond back until the contract is terminated at a^. 


Proposition 2.6 Suppose that qgK < Cg < VgK a.s. on s G [t,<7*]. Then the value of the convertible 
bond is given by Vt = Y^, where Y^ solves the following BSDE on [t, uj"]; 


Yg = maxly^T, T}/{ct*=t} + 7*S'a*^{<T*<T} + / (cu - ruY^)du - / ZldWu- 


(2.7) 


In particular, if qgK < Cg < VgK a.s. on s G [t,al), then G (jSg,K) on s G \t,a*), so the optimal 
strategy is given by 




3 The Optimal Strategy of Convertible Bonds 

In this section, we further consider the optimal strategy of convertible bonds in the Markovian case 
by investigating the properties of the corresponding calling/conversion boundaries. 

Assumption 3.1 Assume that all the coefficients are constants: Ct = c,rt = r > 0,qt = q, and at = cr 
fortG[0,T]. 

Due to the above Markovian assumption, we know that there exists a function V{S, t) such that 
Vt = V{St,t). Define the following domains 

Conversion domain CV = {{S,t) G (0, oo) x [0,T) : V{S,t) = "fSj; 

Calling domain CL = {{S,t) G (0, oo) x [0,T) : V{S,t) = K 7 -S'}; 

Continuation domain CT = {{S,t) G (0, oo) x [0,T) : jS < V{S,t) < K}. 

The intersecting line between the conversion domain CV and the continuation domain CT is called the 

conversion boundary C{t), while the intersecting line between the calling domain CL and the continuation 
domain CT is called the calling boundary H{t). 


From the Feynman-Kac formula for the solution of reflected BSDE and the viscosity solution of VI 
(see Section 8 of [5]), Proposition 12.41 implies that if c < qK (< rK) then V{S,t) = V^{S,t) where 
solves the following VI with the state constraint: 


dtV^ + CoV^ = -c, 
dtV^ + CoV^ < -c, 
Vi(A77,t) =K, 
V^{S,T) =max{i, 7 S'}, 


if > 'yS and (S', t) € Dt, 

if = "fS and (S, t) £ Dj-, 

0<t<T, 

0 < S < K/j, 


(3.1) 


where 


CoV^ = —S^dssV^ + {r-q)SdsV^-rV\ Dt={Q,K/^) x [0,r). 


dtV^ + CoV^ = -c, 
dtV^ + CoV^ > -c, 
V^Klj,t) =K, 
V^{S,T) =max{L, 7 S}, 


(3.2) 


Herein, Dt is the effective domain (the state constraint) of our problem, since in the domain [A'/ 7 ,oo) x 
[0,T), V{S,t) = 7 S, so the investor will always choose to convert, and [AT/y, 00 ) x [0, T) C CV. Moreover, 
if c < qK, Proposition 12.41 also implies that V^{t,S) = < K on (t, S) £ Dt- Hence, we have 

CL n A>t = 0- 

Similarly, Proposition 12.51 implies that if c > rK (> qK), then V{S,t) = V'^{S,t) where solves the 
following VI with the state constraint: 

if < K and (S, t) £ Dt, 

if = AT and (S, t) £ Dt, 

0<t<T, 

0 < S < K/j. 

Moreover, if c > rK, Proposition l2.5l also implies that P^(t, S) = > 7 S on (t, S) £ Dt, so CVn = 

0 . 

Finally, if qK < c< rK, then V{S,t) = V^{S,t) where solves the following Dirichlet problem: 

' dtV^ + CoV^ =-c, in Dt, 

V^{K/j,t) =K, 0<t<T, (3.3) 

V^{S,T) =max{L, 7 S}, 0 < S < AT/y. 

Moreover, the strong maximum principle (see [3]) implies that V^{t,S) = Y^^ £ (yS, AT) on (t, S) £ Dt 
(not only for the case qK < c < rK). 

Therefore, the analysis of the calling/conversion strategies boils down to the properties of the free 
boundaries imbedded in the above three PDF problems. 

The VI (13.21) for the case c > rK has been studied in [23]. In such a case, the bondholder will not 
convert in the domain {S,t) £ Dt, and the calling boundary H{t) is always monotonic (See Figure 3.1). 
The problem is therefore relatively standard. The PDE (13.31) for the case qK < c < rK is trivial in the 
sense that neither the bondholder will convert nor the firm will call in the domain (S', t) £ Dt (See Figure 
3.2). We leave the explicit solution of the PDE (|3.3|) in Appendix B. In this paper, we mainly consider 
the VI (13.11) for the case c < qK. The situation in such a case is much more complicated and involved 
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(See Figure 3.3 — 3.5). The conversion boundary 
a case due to the singular payoff. 



may even lose the monotonicity property in such 



Figure 3.2. qK < c < rK 


C{t) 





3.1 Properties of the Conversion Boundary 

In this subsection, we prove the properties of the free boundary C{t) of (13.1|) . such as its position, 
asymptotic property, monotonicity property, regularity property etc. We first show in Theorem 13.11 
that the solution is not only the viscosity solution, but also the strong solution to (13.1|) : G 

Wp-^{DT) Id C{Dt ) with p> 1. 

Since (13.11) is degenerate, we hrst transform it into a familiar non-degenerate VI via the following 
transformation; 

u{x,t) = {S, t), T = T — t, x = In S'— In if-I-In 7 . (3.4) 
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Then it is not difficult to check that u is governed by 




drU — Lu = c if M > Ke^ and (x, r) € fir, 
drU — Lu > c if u = Ke^ and (x, r) € Or, 


u(0, t) = K, 0 < T < T, 

u(x,0) = max{L, x < 0, 


where 


(3.5) 


Cu = — dx 
2 



dxU — ru, 


Ot=(-oo,0) X (0,T]. 


Theorem 3.1 For the case c < qK, the VI iS. 5\) has a unique strong solution u £ f^p'loc 
with p > 1. Moreover, dxU £ C'(Or) and we have the following estimates: 

max I Ke^, — I- ^ < u < K in Or, 

( r r J 

0 < dxU < K e^ in Oy. 


(3.6) 

{^ t ) n (7( ) 


(3.7) 

(3.8) 


If furthermore c> rL holds, we also have the following estimate: 


drU > 0 a.e. in LIt- 


(3.9) 


The proof of Theorem 13.ll is quite long and relatively standard, so we leave its proof in the appendix. 

T r 




Figure 3.6. c > rL, c < rK{a+ — 1)/q;+ Figure 3.7. c > rL, c > rK{a+ — 1)/q;+ 


T 
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We denote CV^;, CT^;, c(t) as the counterparts of CV, CT, C{t) by the transformation (13.41) . re¬ 
spectively. From (13.81) . u — Ke^ is decreasing with respect to x, so the conversion boundary is given as 
c(t) = inf{a; < 0 : u{x,t) = Ke^}, and the conversion region and the continuation region can further be 
characterized as 

CVa; = {(a;, r) G (—oo, 0) x (0, T\ : u{x^ r) = Ke^} = {(x, r) € (—oo, 0) x (0, T] : a; > c(t)}; 

CTa; = {(a;,r) G (—oo,0) x (0,r] : u{x,t) > Ke^} = {(Sjt) G (—oo,0) x (0,T] : x < c(t)}. 

Our main result in this section is to prove that the conversion and continuation regions have the 
following shapes under different parameter assumptions (see Figures 3.6 — 3.8). Note that Figure 3.8 
shows that the conversion boundary is non-monotonic, and the price may go up when time approaches 
maturity around the starting point co of the conversion boundary. 

In the following, we prove the position, the asymptotics, the monotonicity and the regularity of the 
free boundary c(r). 

Theorem 3.2 (Position of the free boundary) 

For the case c < qK, the free boundary c(t) of the variational inequality JO) has the following 
properties: 

(1) CVa; C {x > 2f_}, so that CTx {x < X_} and cir) G [X , 0], where X = Inc — In— Ing. 

(2) There exists a positive constant t such that c{t) > cq for any r G (0,t] where cq = ma,x{X_, InL — 

Ini^}. 

(3) The starting point of c{t) is (c(0),0) with c(0) = lim^ c(r) = cq. 

Proof. (1). According to (13.Sp . in the domain CV^, (~l Ht, V = Ke^ and it must hold 

c<drV-CV = dr{Ke^) - C{K e^) = qKe^ ^x>X. 

Hence, CVa, (~l CL {x> X_}. Since CL^ n Ot = 0, then CT:^; A {x < A } and c(r) > A . 

(2). The proof is divided into two cases: 

Case 1 : If cq = A (see Figures 3.6 and 3.7), then it is sufficient to prove that c(r) > A for any r > 0. 
Suppose not. Property (1) implies that there exists a > 0 such that c{ti) = A. We deduce that in the 
domain Af = (—oo, A ) x (0,ti ] : u> Ke^, and u satisfies 

drU-Cu = c> qKe^ = dr{Ke^) - C{Ke^), m(A , ti) = Ke^\x=x • 

In view of the Hopf lemma (see i), we obtain that dxi^u — Ke^^( X . 1 ^ 0. On the other hand. 

Theorem 13.11 implies that dxU G C{CIt)- It means that dxU continuously crosses the free boundary c(t), 
and dxiu — Ke^){X_,ti) = 0. Hence, we have a contradiction. 

Case 2 : If cq = InL — In A (see Figure 3.8), then it is sufficient to prove that there exists a positive 
constant t such that 

c(t) > InL — In A, V r G (0,t]. 
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What we need to prove is that there exists a positive constant t such that 

u{liiL-I hK^t) > K = L, VTe(0,t]. (3.10) 

Indeed, we denote w as the solution of PDE (IB.ll) . then w takes the explicit form of (IB.2I1 . Hence, the 
A-B-P maximum principle (see [20) 1 implies that u > ic in Qt- 

In order to prove (I3.10|l . we use the explicit form of (jB.2p to estimate asymptotic behavior of w(ln L — 
In K, t) as t —>■ 0+. It is not difficult to check that as r —>■ 0+, we have 
' ifx>0, <I>i(a:,T, t) = $ 2 (a;,T, t) = 1 + o( y?), 

ifx<0, <I>i(a::,T, t) = <i> 2 (a;,T, t) = o(-/r), 

ifx = 0, $i(a:,T,t) = ^ - ^ ^/t - t + o[yf¥), 

ifx = 0, ^2{x,T,t) = \- y/T -t + o{^), 

w(ln L — In K,t) — L 

Hence, there exists a positive constant t satisfies ()3.10p . 

(3). Since we have proved the property (2), it is sufficient to show 


lim sup c(r) < cq. 

T-yO+ 

The above inequality is obvious if we can prove that for any fixed cci > cq, there exists a positive constant 
(5* such that 


u{xi,t) = K Vre[0, 5*]. (3.11) 

Indeed, for any fixed Xi > cq, we construct a function such that 

W[x,t) = Ke^ + 5 [x — xiY, {x,t) G Af = [xi — 5,Xi + 5] x [0, 

where 5, S* are positive constants to be determined. We first assume S small enough so that xi — 6 > cq 

and xi + i5 < 0. Next, we show that u<WmJ7. Indeed, it is easy to check that in the domain A/”, W 

satisfies 

drW — CW = qKe^ — 5[a‘^ + (2r — 2q — cr^)(x — Xi) — r(x — XiY\ 

> qKe^^~^ — 5 [cr^ + (2r + 2q + o'^)5] > c — 5 [cr^ + (2r + 2g + cr^)(5], 

where we have used Xi — 5 > cq > A in the last inequality. Choose 5 small enough such that 

drW - CW > c in AT. 
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Moreover, it is clear that 


W{xi ± 5, 0) > Ke^ 


= u{xi ± i5,0). 


(xi±5,0) 

Recalling u G C(Ot ), we deduce that there exists a positive constant i5* such that 


± (5, r) > u{xi ± i5, r), V r G [0,(5*]. 


Hence, W satisfies 

f drW -£W>c, W> Ke^, in Af, 

\ W > u, on dpAf. 

The A-B-P maximum principle (see [50]) implies that u < W in the domain AJ". In particularly, u <W = 
Ke^ on the line x = xi, r G (0, (5* ]. By combining u > Ke^, we obtain (13.111) . ■ 

Next, we analyze the asymptotic behavior of the free boundary and the solution of the VI (|3.5|) as 
T — >■ oo: 


Theorem 3.3 (Asymptotics of the free boundary) 

For the case c < qK, the free boundary c(r) and the solution u{x, r) of the VI SS. 51) has the following 
asymptotic properties: 

(1) If furthermore c < rK(a+ — l)/a+ holds, where a+ is defined in Lemma \A.l[ then we have (see 
Figure 3.6 and Figure 3.8) 

lim c(t) = Coo = In ) , 

T-S-+00 q;_|_ — 1 rK ) 

A I — exp I a+x + (1 - a+) Coo I +-, a; < Coo, 
lim u{x,t) = Ui ao{x) = I Jr 

r—>-+oo ’ I 

Ke^, Cao < X < 0. 

(2) If furthermore c > rK{a.\. — 1)/q!+ holds, then there exists a positive constant T such that the free 
boundary c(r) ends at the point {0,T) (see Figure 3.7), i.e., 

c(t)=0, forTG[T,T], CT, D (-oo, 0) x [T, T], 
lim u{x, t) = U2 oo{x) = Ke°'+^ + - (I — e “+^ ), a : < 0 . 

r—>-+oo ’ T 

Remark 3.1 In fact, the above results imply that the solution u{x,t) and the free boundary c(t) of the 
finite horizon problem converge to the solution ui^oo ( or U 2 ,oo) ond the free boundary Coo (or 0) of the 
corresponding perpetual problem as time tends to infinity, respectively. 

Proof. The proof is divided into five steps: 

Step 1: Construct a super-solution and a sub-solution of the VI (13.51) . 

For any fixed t > 0, we denote Ut as the H C( H ) solution of the following VI: 

if Mt > Ke^ and x G ft = (—oo,0), 
if Ut = Ke^ and x G 11, 


—Cut = c + re 
—Cut > c-I- 
ut(0) =K. 
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(3.12) 









We will give the explicit solution of the VI (13.121) in Step 2. Denote 


Ti/ — I rtf2—rr —rtl2 

W = ut + e ' — e ' . 


We claim that IV is a super-solution of VI (13.51) if t is large enough. In fact, it is not difficult to check 
that 

drW — CW >c and W > Ke^, 

< W{0,t) > K = u(0, r), 0 < T < t, 

IV(a;, 0) > if -I > It'> max{L, = u(a;, 0), a; < 0. (note that r > 0) 

By applying the comparison principle for VI (see [H]), we deduce that 

M < W = Mt + (3.13) 

Next, denote Ut as the ("1(7(11) solution of the following VI: 

{ —£ut = c — re~^*^^, iiut>Ke^ and x £ ft, 

—£ut>c — re~^*^^, iiut = Ke^ and x £ ft, (3-14) 

ut(0) =K. 

We will give the explicit solution of the VI (13.141) in Step 2. Denote 




.-rt/2 


Repeating the same argument as above, we deduce that 

= + (3.15) 

provided t is large enough. 

Step 2: We solve the Vis (|3.12l) and ()3.14p . it is sufficient to solve the following elliptic VI: 

—£v = c*, if > Ke^ and x £ fl, 

< —£v>c*, iiv = Ke^ and x £ (3.16) 

^ u(0) =K. 

It is clear that (|3.12l) and (|3.14l) coincide with the VI (13.161) if we let c* = c-|-re“’'*/^ and c* = c — 
respectively. 

(1) In the case c* < rK{a+ — l)/a+, we first find out the bounded solution of the following associated 
free boundary problem of (|3.16l) : 

f —£v = c* > 0, X £ (—oo,x*), 

< . (3.17) 

[ dxv{x*) = v{x*) = Ke^ . 

It is not difficult to check that the solution of (13.171) should take the form of 

y = Ae°‘+^ + Be°‘-^ + —, x < x*, 
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where a_ is defined in Lemma |A.1I Since v is bounded and a_ < 0, then we have B = 0. Recalling the 
boundary condition, we deduce 

Ae“+^* =R:e“* - —, Aa+e“+^* = 

r 


Since a+ > 1, then we have 


X* = In 


a+ 


n* 

^ oi+x+(l-a+) X* I ^ 

a+ ^ r 


a+ — 1 rK 

It is clear that x* < 0. Extend v into (—oo, 0] as follows: 

( K c* 

— exp { a+a; + (1 — a+) a:* } H-, x < x*, 

v(x) = ^ Q:+ r 


Ke^, 


X* < X < 0. 


(3.18) 


(3.19) 


Next, we prove that v is the unique Wp^ lod^) H C'( O) fl L°°(n) solution of the VI (13.1611 . In fact, the 
uniqueness follows from the comparison principle for VI (see |22jh and it is easy to verify the regularity 
of the solution. Then it is sufficient to prove that v satisfies the VI (13.161) . According to (13.181) . we can 
check that 


= if < Ke^ = d^(Ked, x < x*. 

By combining the boundary condition of (I3.17L we obtain that 

v{x) — Ke^ >0, y X < X*. 

Hence, we only need to prove that 


c* <-£Ke^ = qKe^, y x>x*. 


It is sufficient to show that 


c* < qKe^‘ 


qK 


Q:+ 

a+ — 1 



a+ — 1 


r r 

> - a+ < -. 

q r-q 


(3.20) 


In fact, it is easy to check that 



Recalling the definition of a+, we deduce (13.201) from the property of quadratic functions. Hence, we 
have checked that v is the uniqueness solution of the VI (13.161) . 

(2) In the case of c* > rK{a+ — l)/a+, since x* defined in (13.1811 is larger than zero, then v defined in 
(13.191) is not the solution of the VI (13.161) . Now, we need to reconstruct the solution of the VI (13.161) . We 
first solve the following ODE 


— Cv = c* > 0, X G (—oo,0); n(0) = K. 


(3.21) 


16 



































It is not difficult to check that the bounded solution is 

v{x)=Ke°‘+^ + — x<0. (3.22) 

r 

Next, we prove that v is the unique ) nX°°(n) solution of the VI (I3.I6|) . By the same 

argument as above, it is sufficient to prove v{x) > Ke^ for any a; < 0. Indeed, we calculate 

da^v{x) = a+ e“+“ < Ke°‘+^ < Ke^, V a; < 0, 

where we have used a+ > 1. By combining the boundary condition of (I3.2IL we deduce that v{x) > Ke^ 
for any a; < 0. Hence, we have showed that v is the unique solution of the VI (13.161) . 

Step 3: Prove the property (1) in the case of c < rK{a+ — l)/a+. 

In view of (j3.13|) and (j3.15|) . we deduce the following inequality if t is large enough, 

Ut{x) - ^ g-rt/2 < ^ grt/2-rr _ g-ri/2_ 


In particular, by taking t = t we have 

ut(x) < u{x,t) < Ut{x). 


Since Ut, ut > Ke^, we derive 

{x :ut{x) = Ke^} D {a; : u{x, t) = Ke^} D {a; : Ut{x) = Ke^}. 

It is not difficult to check that 

c + c — —>■ c < rK{a+ — l)/a+ as t —+oo. 

Hence, the conclusion in Step 2 implies that Ut,ut takes the form of (j3.19|) with c* = c — re and 
c* = c + re“’’*/^, respectively. Denote Xt,Xt as the corresponding free boundary points x* defined in 
(I3.18|) . Since t is arbitrary, then we have 

[xt, 0] = {a; : Urix) = Ke^} D {a: : u{x,t) = Ke^} D {a: : Ur{x) = Ke^} = 


provided r is large enough. Hence, the definition of the free boundary c(t) implies that 


In 


a+ c — re 


a+ — 1 


rK 


= Xr < c(t) < Xt = In 


a+ c + re 


— rT/2 


a+ — 1 


rK 


< 0 , 


provided r is large enough. Moreover, it is not difficult to check that 


lim Xr = Coo = lim Xr, lim Ur{x) = Ui oo{x) = lim Ur{x), \/ x € fl. 

r—y+oo T—>-+oo r—>-+00 ’ r—>-+oo 

Hence, the property (1) follows. 

Step 4: Prove the property (1) in the case of c = rK{a+ — l)/a+. 
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In this case, c — re < rK{a+ — l)/a+, and ut still takes the form of (13.191) if t is large enough. 
Repeating same the argument as in Step 3, we still have that 


c(t) > X t- = In 


c — re 


a+ — 1 


rK 


lim inf c(t) > lim Xr = 0 = Co 

T—>- + 00 T—>-+CXD 


2\ c _ 

liminf M(a;, r) > lim = ui oo{x) = —e“+^ H—, V x e fl, 

T—>- + 00 T—>- + 00 ’ Q_j_ T 

provided r is large enough. 

On the other hand, the definition of the free boundary c(r) implies that c(t) < 0. Hence, we deduce 
that 


lim c(t) = 0 = Coo. 

T—>- + 00 

By applying the same method as in Step 3, we derive that 


limsupu(a;,r) < lim Ur{x), V x G O. 

r—>-+oo r—f+oo 

Since c + > (a+ — 1) rKja+, Ut takes form of (j3.22ll rather than (I3.19|) . It is easy to calculate 

that 


lim Ut = 

y+oo 




,a+x 


= K- 


(a+ — 1) rK 
a+r 




— Ui^ oo (^) • 


From the above arguments, we have that 


liminf u(x, r) > lim Ut{x)=ui^oo{x)= lim Ut-(x) > limsupu(x,T). 

T—»' + 00 T—>- + 00 ’ T—>- + 00 .,-_,._|_oo 

Hence, we have proved the property (1) in the case of c = rK[a+ — 1)/q:+. 

Step 5: Prove the property (2). 

In this case, Ut,Ut take the form of (13.221) if r is large enough. Repeating the same arguments as in 
Step 3, we get 


{x = 0} = {x : u r(x) = Ke^} D {x : u{x, t) = Ke^} D {x : Ut{x) = Ke^} = {x = 0}, 

provided t is large enough. Then the definition of the free boundary c(r) implies that c(t) = 0 if t is 
large enough. Hence, there exists a positive constant T such that 

c(r) = 0, y T > T. 


It is clear that 

lim Ut(x) = U2 ooix) = lim Ut{x), V x G H. 

r—>-+oo ’ T—>-+oo 

Hence, the property (2) follows. ■ 

In view of the properties (2), (3) in Theorem 13.21 and the property (1) in Theorem 13.31 we claim the 
non-monotonicity property of the free boundary c(t) (see Figure 3.8). 

Theorem 3.4 (Non-monotonicity of the free boundary) 

For the case c < qK , if furthermore c < rL{a+ — l)/a-i- holds, then the free boundary c(t) is non¬ 
monotonic in the interval [0,T] (where we suppose that T is large enough). 
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Proof. If Co > Coo, then the properties (2), (3) in Theorem l3. 21 imply that there exists a > 0 such that 


C(ti) > Co = C(0) > Coo- 

According to the property (1) in Theorem 13.31 we know that there exists a t 2 large enough such that 
t 2 > ti and 

c{t 2 ) < - - - < c(ti). 

Hence, the free boundary c(t) is non-monotonic. On the other hand, it is clear that 

f c Li a+ c f c ^ 1 a+ c 

Co > Coo max ■{ —, — } > -- — max L} > -- 

qK K j a+ — 1 rK [ q j a+ — 1 r 

By applying the same method as in the proof of (13.201) . we conclude that 

r , . c a+ c 

a+ < -(r — q)a+ <r ^ - < -- 

r — q q a+ — 1 r 


Hence, 


^ a+ c rL (a+ — 1 ) 

Co ^ Coo ^ L > -c < 


a+ — 1 r 


a+ 


Next, we consider the monotonicity and regularity of the free boundary c(t) if c > rL. Since (j3.9|) 
holds, the problem is relatively standard in this case. 

Theorem 3.5 (Regularity of the free boundary) For the case c < qK, if furthermore c> rL holds, the 
free boundary c(t) is increasing with respect to r on the interval [0,T] with c(r) € C[0,T] D C°°{G,T ]. 
Moreover, c(r) is strictly increasing on [ 0, T] with T = sup{r € [ 0, T] : c(t) < 0}. 

Proof. According to (13.81) and (13.9L we have 

dx{u — Ke^) < 0, dr{u — Ke^) > 0 a.e. in Ltr- 

By combining u — Ke^ G C'(Ht), we deduce that u{x,t) — Ke^ is increasing with respect to r and 
decreasing with respect to x. 

For any fixed To G (0,T] and any x G [c(ro),0], r G [0,ro], we derive that 

0 < u{x,t) — Ke^ < u{c{to),t) — Ke‘^^'^°'^ < u(c(ro),To) — Ke‘^^'^°'^ = 0, 

where we have used that u = Ke^ on the free boundary. Hence, the definition of the free boundary 
implies that c(t) < c(ro) for any t G [0,ro]. Hence, we deduce that c(t) is increasing on [0,T]. 

The property (3) in Theorem 13.21 implies that c(t) is right-continuous at r = 0. Next, we prove that 
c(t) is continuous on (0, T]. Otherwise, there exist some constants xi, X2, such that X2 < < 0, 0 < 

ti < T, lim^_j^j- c(t) = X2, lim^_^j+ c(t) = xi (see Figure 3.9), and 

drU — Cu = c in ( 0 : 2 , xi) x [ti,T], u{x, ti) = Ke^, \/ x G (x 2 ,xi). 
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Figure 3.9. Non-continuous free boundary 
If X 2 < X < xi, then we have 

dTu{x, ti) = c + CKe^ = c — qK e“ < 0, 

where the last inequality follows from X 2 > 2L, which is deduced from the property (1) in Theorem 13.21 
It is clear that the above inequality contradicts (13.91) . 

Next, we prove that c(t) is strictly increasing on [0, T]. Otherwise, there exist some constants X 2 , ti, O 
such that X 2 < 0, 0 < t 2 < ti < T and c(t) = X 2 for any r G [t 2 ,ti] (see Figure 3.9). It is clear that 
u{x,t) = Ke^ for any {x,t) G [a;2,0] x [t 2 ,ti]- Since dxU continuously crosses the free boundary, then 
dxu{x 2 ,T) = for any r G [ 0 ,^ 1 ]- We then deduce that 

dru(x2,T)=0, dr(dxu)(x 2 ,T) = 0, VrG[t2,ti]- (3.23) 

On the other hand, in the domain Af = (— 00 , X 2 ) x (< 2 ,^ 1 ], u and drU respectively satisfies 

drU — £u = c in Af, u{x 2 ,t) = Ke^'^, V t € {t 2 ,ti), 

j dr{dru) — C{drU) = 0, drU >0 in Af, 

\ drU{x2,T) = 0, y T e {t2,ti). 

By applying the Hopf lemma, we deduce dx{dru){x 2 ,T) < 0, which contradicts the second equality in 

(IX^ . 

Finally, since we have the estimate (13.9L it is standard to show that C°°{0,T ] (see [IH])- ■ 

Next, we improve the regularity of the free boundary c(t) for the case c < rL. In this case, (1^ 
is false, so the standard method in [10] does not apply to this problem. The main idea to improve the 
regularity is to apply some proper coordinate transformation to the original problem, and transform it 
into a new problem, and achieve the estimate similar to (13.91) . 

Theorem 3.6 (Regularity of the free boundary) 

For the case c < qK, if furthermore c < rL holds, then the free boundary c(r) G C) 0, T ] (~l C°° (0, T ]. 
Proof. We hrst apply the following transformation 

y = X + (^r — T, v{y, t) = ( u{x, r) — Ke^ ). (3.24) 
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It is not difficult to deduce that v satisfies the following VI (see Figure 3.10): 


T 



Figure3.10. The free boundary Cy{T) after transformation 

drV — CyV = — qKe^ , if u > 0 and 

drV — CyV > — qKe^, if u = 0 and (y,T)GD,'i^, 

v((r — c/ L)t, r) = 0, 0 < t < T, 

^ viy,0) = {L-Key)+, y < 0, 

where 

For any small enough 5 > 0, we denote 


(3.25) 


v{y,T)=v{y,T + S), (y,T)Gn^_g. 


Then v satisfies the following VI (see Figure 3.10): 

drV- CyV = - qKey > - qKey, 

drV- CyV > ce(’'-T)(^+'5) - qKey > - qKey, 

< 

v{{r — c/L)t,t) = v{{r — c/L)t,t + (5) > 0, 

. u(2/,0) = v{y,S), 


if u > 0 and {y,T)GV,'!^_g, 
ifF=0 and {y,T)GV,'^_g, 
0 <t<T-S, 
y <0- 


Next, we prove u > u in In fact, the comparison principle for VI (see [22]) implies that it is 

sufficient to show that 


v{y, 0) = v{y, 5)>{L- Key^ = v{y, 0). 


Moreover, since w > 0, then what we need to prove is that L — Key is a subsolution of (13.251) . Indeed, 
we can check that 

dr{L - Key) - Cy{L - Ke^) = c - qKey < - qKey, 


{L - Key) 


y={r-c/L)T 


< 0 = v{y,T) 


y={r-c/L)T 


0 < T < T. 


Hence, we conclude that L — Key is indeed a subsolution of (13.251) . 

We have showed v{y, t + S) = v{y, r) > v{y, r) in O for any small enough <5, which implies drV > 0 
almost everywhere in Hence, by using the method as in m, we can prove that Cy(r) G (^[O, T] D 
C°“(0,T]. According to the transformation (I3.24|) . we have Cx{t) = Cy{T) — Therefore, 

c(r) G C'[0,T]nC'“(0,r]. ■ 
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A The Proof of Theorem 13.1 


We prove Theorem 13.11 in this appendix. Since (13.51) lies in the unbounded domain fix, we use the 
following VI in the bounded domain to approximate (13.51) . 

drUn — CUn = C, if Un > K6^ and {x, t) € fix, 

drUn — Lun > C, if Un = Ke^ and {x, t) € fix, 

Un(-n,T) = £ + 2))^ Un(0, t) = K, 0 < T < T, 

Un(x, 0) = max{L, —n < x < 0, 


(A.1) 


where fix = (—n, 0) x (0, T] and n G N+ satisfying n > max{ In it' — InL, In r + In itT — Inc }. 

Next, we utilize the penalty method to prove the existence of the solution of (lA.ll) . We first construct 
the penalty function /3e(-) such that 


/3e(s) G C-(]R), /3e(s)>0, 

/3e(s) = 0 for any s < —e, 


p'M > 0, /3"(s) > 0, 


A 


/3^(0) =M = qK-c>0, 


(A.2) 


and 


(0, s < 0, 
lim /3e(s) = < 

I + 0 O, s > 0. 


Then we use the following penalty problem to approximate (lA.ll) : 


^’^€,71 /^e(A'e — e in fix, 

Ue,ni-n,T) = £ + t) =K, 0 < T < T, 

Us,nix,0) = TTsiKe^ — L) + L, —n<x<0, 


(A.3) 


where T^eis) is a smoothing function for smoothing the initial value max{L, ATe^}, which satisfies 7re(s) G 
C°°(]R), 7re(s) > s, 0 < 7r'(s) < 1, 7r"(s) > 0, lim 7re(s) = s+ and 

e->-0+ 


7re(s) = 


S, S > £, 

0, S < —£. 


Lemma A.l For any fixed n and e, i tA.51) has a unique strong solution such that Us,n G Wp’^{fllf) H 
C( fllf ) for any 1 < p < oo, and we have the following estimates: 


max < Ke^, —h 
r 


rL — c 


^ Us,n F K in fltf] 


0 < d,,Usn <K{e^ - 


on flJf, 


(A.4) 

(A.5) 


where a+, a_ are the positive and negative characteristic roots for the ordinary differential operator C, 
respectively. That is, a+, «_ are respectively the positive and negative roots of the following algebra 
equation: 


r — q -a — r = 0. 

2 ' 


If furthermore c> r L, we have the following estimate: 
drUsn > —TS a. 6. in fllf. 


(A.6) 
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Proof. The existence of the solution to (IA.3I) can be proved in a similar way as in ESI [13 HU, and we 
refer to those papers for the details. The uniqueness follows directly from the A-B-P maximum principle 
(see [20]1- 

Next, we prove (IA.4|) . Letting w = Ke^ and recalling (IA.2I) . we calculate that 

drW — Cw — — w) — c = qKe^ — /3£(0) — c = qKe^ + c — qK — c < 0, 

< w{-n, t) = Ke~'^ <Ue,n[-n, t), w{0, t) = K = Ug^niO, t), 

w{x,0) = Ke^ < ma.x{L,Ke^} < 7re(A"e^ — L) + L = Ue,„(a;,0). 

Hence, w = Ke^ is a sub-solution of (IA.3I) . and we have showed Ug^n > Ke^. Letting 

rL- c 


c 

w = —I- 

r r 


we have that 

drW — Cw — /3e{Ke^ — w) — c < drW + rw — c = 0, 

< w(-n, r) = Ue,„(-n, r), r(;(0, r) < max {f, L} < max 12^, < AT = «£_„(0, r), 

w{x, 0) = L < max{A, Ke^} < TT^^Ke^ — L) + L = Ue^n{x, 0). 

Therefore, w is another sub-solution of (IA.3I) . and we have proved the first inequality in (IA.4|) . 

Moreover, it is easy to check that AT is a super-solution of (IA.3p . Hence, the second inequality in (IA.4I) 
is obvious. 

Next, we prove the second inequality in (IA.5I1 . Let 

W = - + e"’’^ + K(e^ - . 

r r V / 


If e is small enough and n is large enough, then in the domain W satisfies 

W{x, t) > min a| -|- Ke^ — ATe"” > Ke^ + e, 

{ drW -CW + PeiKe^ -W)-C = C + qKe^ - c> 0, 

W{-n, t) = Ue,n{-n, r); W{0, t) > K + e > K = Ue,„(0, r), 

lT(x,0) > L + Ke^ - Ke-'^ > Tr,{Ke^ - L) + L = Ue,„(a:,0). 
Hence, W is another super-solution of (IA.3I) . and satisfies 


c rL — c 

Ue^n{x,T) < - H-( 

r r 


+ K{e^ - = ue,n{-n, t) + K {t 


_ a-{x+n) — ‘ 


0- 


If we define 


W{x,t) =K(e^- , 


then we have dxUs^n{—n, r) < W{—n, r). Since Ue,n{x, r) > ATe® while a; < 0, and M£,„(0, r) = 
Ke^\x= 0 : we conclude that 


dxUe,n{0, t) < Ke^ 


< W{0, t). 

x—0 
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Differentiating (IA.3I) with respect to x, we deduce that 

' {dr - C){drUe,n- W) + / 3 '(•) - W) = -{drW - CW) + !3',{-){Ke^ - W) 

< -{drW - CW) = -qKe^ < 0 , 

drUe,n{-n, t) - W{-n, t) <0, d^Ue,n{0, t) - W{0, t) <0, 

dru,^n{x,0)-W{x, 0) =Tr'^{Ke^-L)Ke^-W{x,0)<Ke^-W{x,0)<0. 

Hence, the comparison principle implies the second inequality in (IA.5I) . 

Recalling (IA.4I) and the boundary condition in (IA.3I) . we deduce that for any r G [0,T], the following 
inequalities hold 


dx^e,n{^^ ^ 0; dxUe,n{ ^ 0- 

Differentiating (IA.3I) with respect to x, we derive that 

( {dr - C)drUs^n + l3'e{Ke^ - u^,n)dxU^,n = /3'^{Ke^ - Us,n)Ke^ > 0, 

< dxUe,n{-n,T) >0, dxUe,n{0,T) >0, 

[ dxUe,n{x,0) = TT'^{Ke^ - L) Ke^ >{). 

Hence, the comparison principle implies the first inequality in (IA.5I) . 

In order to prove (IA.6I) . we differentiate (IA.3|) with respect to r, then we have 
f {dr - C)drUe,n+ l3'e{Ke^ - Ue,n) drUe,n = 0, 

\ drUs,n{-n,T) = (c- r-L) 6“’'^ > 0, drUs,n{0,T) =0. 

Recalling (jA.3(l . we deduce that 


dr'^e^ n{^: 0) — C A n(^5 H) A /^e(A"C n{^: H)) 


> c A (r - g) <(A:e“ - L) Ke^ - rL - rTT,{Ke^ - L) + de{Ke^ -L- TT,{Ke^ - L)) 

{ c — rL > 0, Ke^ — L < —£, 

c — rL — re > —re, —e < Ke^ — L < e, 

c+{r-q) Ke^ -rL- r{Ke^ - L) + qK - c = qK - qKe^ > 0 , Ke^ - L > e. 

Moreover, it is clear that 

{dr - C){-re) A d'e{Ke^ - Ue,n) {-re) < -r^e < 0. 

Hence, (IA.6I) follows from the comparison principle. ■ 

Lemma A.2 For any fixedn G IN satisfying n > max{ln AT — InL, Inr Ain AT — Inc}, (HUP has a unique 
solution Un G Wp’^{fLf\Bs{Po)) fl C{Vttf) for any 1 < p < Aoo, where Po = (— In A' A InL, 0), Bs{Po) = 
{(x, t) : (a; A In AT — In A)^ +t'^< i5^}. Moreover, dxUn G C{Q,t) and we have the following estimates: 

max ATe^, - H- - < Un < K in (A.7) 

0 < dxUn < K {e^ - in Tf^, (A.8) 

where a_ is defined in Lemma \A.l[ If furthermore c>rL holds, we have the following estimate: 

drUn > 0 a.e. in fllf. (A.9) 
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Proof. From (IA.2I) and (IA.4I) . we deduce that 


Q < PeiKe^ - Ue,n) < = M. 

By employing and < a < 1) estimates for parabolic equations (see [16]), we derive that 

where C is a constant independent of e. Hence, there exists a € Wp -^{V,l]^\Bs{Po)) H C'(HJ) and a 
subsequence of {«£_„}, such that as e —j> 0+, 

Ue,n^Un in Wp^ {n'^\Bs{Po)) weakly and u^,n ^ in C{n^). 

By applying the method in m or [26], we can prove that Un is the solution of (lA.ll) . And (IA.7ll - (IA.9p 
are the consequences of (|A.4p - (|A.6ll as e —O'*". 

Finally, we prove the uniqueness of the solution. Suppose and are two kFp’;oc(^T’) ^ C'(H^) 
solutions of (lA.ll) and denote 

A/"^ {(a;,t) e : u\{x,t) < ul{x,t)}. 

Suppose M is not empty, then in the domain A/”, 

Ke^ < t) < ul{x, t), dtul - Cul = c, dtiu^ - ul) - £{ul - ul) > 0. 

Denote W = we have 

dtW-CW>0 in A/", VF = 0 ondpAf. 

From the A-B-P maximum principle (see [10]))) we have kF > 0 in Af, which contradicts the definition 
of AA. m 

Proof of Theorem I3.lt Rewrite (|A.ip as follows: 

dtUn- CUn = f{x,t), {X,t)€fl^, 

< Uni-n,T) + Wn(0, r) = AT, 0 < r < T, 

Un{x,0) = max{L, ATe"^}, —n < a; < 0. 

Since G '^p’ioc(^T’)> ^^en we have f{x,t) G and 

f(^x^t') 4- qKe I^un—Ke^}- 

By the WpP and (7“-“/2 estimates for parabolic equations (see [H]), we deduce that for any fixed 
A > i5 > 0, the following estimates hold 

l|Wn|lwp’bn®\Bj(Po)) — ^ C'p, (A.10) 


25 






















where C^.s depends on R and 5, Cn depends on R, but they are independent of n. Then we derive that 
there exists a function u € ^ and a function subsequence of {u„} such that for any 

i? > (5 > 0, p > 1, 

Un^u in Vhp’^(f7y\i?5(Po)) weakly as n —>■+oo. 

Moreover, (lA.lOl) and the imbedding theorem imply that 
_^ 

Un ^ u in CiVlrp) and dxUn ^ dxU in C{flrp\Bs{PQ)) as n —?►+oo. (A.11) 

By the method in m or [2^, we can deduce that u is the strong solution of (I3.5|) . Moreover, (lA.llI) implies 
that dxU G (7(11). And (I3.7I) - (I3.9I) are the consequences of (IA.7I) - (IA.9I) . The proof of the uniqueness is 
similar to the uniqueness proof in Lemma IA.2I □ 


B The explicit solution of the PDE (l3.3l) . 

We present the explicit solution of the PDE (13.31) in this appendix. Since (13.31) is a degenerate backward 
problem, we make the transformation (13.41) as for the VI (13.11) . Then it is not difficult to check that u is 
governed by 

drU — Cu = c in Dr, 

< u(0, t ) = K, 0 < T < T, (B.l) 

u(x,0) = max{L, Ke^}, x < 0, 

It is standard to show that the classical solution of (EU has the following integral expression (see for 
example El): 

u(x,t) = Lfe^ + c f ^i{—x,T,t)dt — qKe^ f ^ 2 i—x,T,t) dt — f ^i{x,T,t) dt 

Jo Jo Jo 

'' f $2 (x, T, t) dt + L $1 (In T — In AT — x, T, 0) — iG e ^ $2 (In L — In AT — x, T, 0) 

Jo 


+ qK e 


— 2aix—x 


- L $1 (In A - In a: + x, r, 0) + AT $2 (In A - In AT + x, r, 0), 


(B.2) 


where 


$i(x,T,t) = e’’* $(di(x,T,t)), $2(x, r,t) = e”?* $(d2(x, r, t)). 


di{x,T,t) = 


Ty/r — t 


— (j aw/r — d2{x,T,t) = 


L 
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